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happen’d about the Time of the natural Birth, the
Child then muft have continued alive fome confi-
derable Time afterwards, during which thefe bony
Excrefcences were formed ; there being a perfedt
Oflification, as performed by the Laws of Circula-
tion, and not by any vegetative or petrifying Power,
as in inanimate Bodies.

Two or three of the lateral Procefles of the Spine
were what firft pafied thro’ the little Ulcer;; the reft of
the Bones (except atew that were loft in cleaning) were
prefented by the Door to the Mufeum of the Royal
Society. They retain a very firong and fingular
Smell,. though they were immediately cleanfed from
the rotten Fleth, and well wathed.

The Woman came by Sea to Stockholm above a
Year after this Cure, and was prefented to the Aca-
demy in good Health; and the Do&tor believes fhe
is ftill alive and well.

1. The Motion of Proje&iles near the Earh's
Surface confider’d, independent of the Pro-
perties of the Conic Sections ; in a Letter
2o Martin Folkes Efguire, Pr. R.§. by
Mpy. Tho. Simpfon F. R. S..

Read Feb. 4. FTER fo much as has been already
1747 faid upon the Motion of Projeiles

in vacuo, it may feem needle(s to attempt any thing

further on that Head ; neverthelefs, as a thorough
Knowledge in the Art of Gunnery is become more
than
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than cver ncceffary, and as Gentlemen employ’'d in
the Pra&tice of that Art are (I am fenfible) too
often deterr'd from applying themfelves to the The-
ory, by the Difficultles they imagine they fhall meet
with in the Conic Seltions, you will, I hope, par-
don the Liberty I have taken, in troubling you with
my Thoughts on a Subje, inj which little or no-
thing new is to bc expe@ted befides the Method.

When I firk drew up this Paper (which was about
two ‘Years ago) I did intend, had Health permitted
me to make the proper Experiments, to- have alfo
attempted fomething with refpett to the Refiftance
of the Atmofphere, whereof the Effelts are indeed
too confiderable to be intirely difregarded : But if
the Amplitude of the Projetion, an{wering to one
given Elevation, be firft determined by Experiment
{which our Method fuppofes) the Amplitudes in all
other Cafes, where the Elevations and Velocities do
not very much differ from the firft, may be deter-
mined, by the Proportions here laid down, to a fuf-
ticient Degrce of Exaltnefs: Becaufe, in all fuch
Cafes, the Effe@ts of the Refiftance will be ncarly
as the Amplitudes themfelves ; and were they accu-
rately fo, the Proportions of the Amplitudes, at
different  Elevations, would be exaltly the fame as.
. vacuo 3 Whichi Proportions I now proceed to
determinc.

ProBLEM I

Let two Balls be projeéted with the fame Celerity,
at different, but given Elevations, 'tis propofed
Lo determine the Ratio of the Times of their

Flight,
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Flight, of thoir greateft Altitudes, and of their
horizontal Amplitudes.

Let Pg (Fig. 1.) reprefent the Plane of the Ho-
rizon, PEQ and peq the Paths of the Projedtiles,
defcribed in the Flight; mioreover let QPT and gpr
be the given Angles of Elevation, and let PQ and
29 be bife@ted in H and. b ; drawing HE, QT, ke
and g¢¢, all perpendicular to Pg; and making the
Sine of QPT=4, its Co-fine =C, the Sine gpr=s,
its Co-finc =¢, and Radius =r.

Therefore, fince the Diftances defcended by heavy
Bodies (whether from a Point at Reft, or from the
right Linces in which they wow/d move, if not atted
upon by Gravity) are known to be as the Squares of
the Times, Q7 will be to g, as the Square of the
Time of defcribing PEQ (or of that wherein the
Ball would move uniformly over the Space PT with -
its firlt Velocity at P) is to the Square of the Time
~ of defcribing geg (or of that wherein the other Bali

would move uniformly thro’ the Length pz). Buc
the Celeritics at P and p being equal, by Hypothe-
fis, the Times in which the faid Lines PT and p¢
would be uniformly defcribed, are manifeftly, as the
Lines themfelves: Whence the Squares of thofe
Lines muft, alfo, be as the Squares of the Times,
and, confequently, as the Diftances defcended: that
is, P12:p1*:: TQ:1g.

Now, by Plane Trigonometry 7.Q=5XP7 and

r

. .. SR PT. .
tg= ’lrf’_' 5 thereforc PTz:p* (i xr : ’-—X,E) )

X PT : sxpt; whence, by dividing the Antecedents
T by
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by PT, and the Canfequents by p#, we have PT .
t::8:s5; from which it appears, that the Times of
Flight arc direétly as the Sines of Elevation.

Again, the Times of defcribing £.4) and ¢g (which
are the Halves of the Wholcs) being alfo to one an-
other as §:s, and the Ditances E A, eh defcended
in them, as the Squarcs of the Times, it likewifc
follows, that §2:5* :: EH:eb; or that the greatcft
Altitudes are as the Squares of the Sines of Eleva-
tion.

Motcover, becaufe (by Trigonometry) PT =

’_‘_’igg and pt = ’_"Z_EY; and it has been already proved,

that, S:s:: PT:pt, it follows, that § :s::r-’—(g-‘%

"_Xc_?iq ; whence, by multiplying the Antccedents by
2¢

20 1 ¢ S . . 28C | 2s
= and the Confequents by = it will be — =

.. . - . 28C ; ,
(::2PQr2pg) +:PR:pg- Bur=is known to be
the Sine of double the Angle whofe Sine is §, and
Co-ine C, &¢. Therefore the horizontal Ampli-
tudes are to one another, as the Sines of the double
Elevations.

Corol. 1.

Hence it follows, that the greatet Amplitude pof-
fible will be, when the Elevation is half a Right
Angle, or 45 Degrecs (becaufe the Sinc of go° is
the greateft of all others).

Cirol.
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Corol. 2.

Therefore, if the greateft Amplitude be given
(from Experiment) the Amplitude anfwering to any
propofed Elevation, above, or below, 45 Degrecs,
may from hence be found: For it will be as the Ra-
dius, to the Sine of double the given Elevation, fo is
the greateft, to the required, Amplitude.

Corol. 3.

Hence, alfo, the Altitude of the Proje@tion may
be known ;.for 7, when the Angle QPT is half
a Right Angle, will be ==PQ; and therefore HE
37Q)=3PQ; alfo, in this Cafe, §*=17*;
whence our Proportion 8% :s*:: HE: be will here
become Lr*:5*:::PQ:hbes from whence it -ap-
pears, that, as the Squarc of the Radius is to the Square
of the Sine of any given Elevation, fo is half the
greateft - horizontal Amplitude, to the Altitude of
the Proje@tion. Hence it alfo follows, that the
Height to which the Ball would afcend, if projected
dire@ly upwards, is jult half the greatet Ampli-
tude.

Corol. 4.

Therefore, fince it is well known, that a Body
2 vacno afcends and defcends with the fame Velos
city; and that the Diftances defcended are as the
Squares of the Velocities; it follows, that the Am-
plitudes, at the fame Elcvation, with differcnt Ve-
locities, will alfo be to one another as the Squares
of the Velocities; becaufe they are as the greateft

Amplitudes, with the fame Velocities (by Corol. 2.)
T2 and



[ 142 ]

and thefe are as the Diftances perpendicularly de-
fcended (by the precedent). Whence, umiverfally,
if both the Elevations and the Velocities differ, the
Amplitudes will be to each other in a Ratio com-
pounided of the Ratio’s of the Sines of double the
Angles of Elevation, and of the duplicate Ratio's
of the Velocities, or impelling Forces,

Problem 11.

The Angle of Elevation, and the freateﬁ horizontal
Amplitude, being given, to find at what Diftance
the Picce ought to be planted, to hit_an Objest,
whofe Diflance, above or below the Plane of the
Horizon, is alfo given.

Let AB (Fig. 2 and 3.) be the Plane of the Ho-
rizon, BC the perpendicular Height or Depreflion
of the Obje&, and 4B the required Diftance: Alfo
let BC be produced to meet the Line of Dire&tion
AD in D, and let P be the Place where the Path
of the Projettile would meet the Horizon; more-
over, let PQ be perpendicular to 4P, and CN
parallel to AD. Then, by the preceding Problem,
it will be as Radius:the Sine of 284D :: the
given (or greateft) Amplitude : AP 5 which there-
fore, is known. '

Moreover, the Arcas of fimilar Triangles being
as the Squares of their homologous Sides, we have
APxPQ: ABXBD:: A: AD*. But AQ*ADx:
ABXBD::QP:DC (from Principles already ex-
plained) therefore, by Equality, APXPQ: ABX
BD:: QP:DC; and confequently AP :AB::
BD:CD; but (becaufe of the parallel Lines

CN and 4D) BD:CD :: AB: AN; whence,
again
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again by Equality, 4P : 4B:: 4B : AN ; thercfore,
by Divifion, AP :BP:.:4AB:BN; and, confe-
quently APXBN=BPxAB.
Let AP be now bifeGed in O; then BPx 4B
being = A02—O0B? (in the fitft Cafc) and =0B*
~A0* (in the fccond Cafe), we fhail thercfore

have OB*=A0"F AP x BN =40 x A0 12BN:
whence the Diftance 4B is likewife known. Q.E.I.

Corollary.

Hence, if the Elevation, and the greatet Ampli-
tude, together with the Diftance 4B of the Obje&t
be given, the Height or Depreflion of the Ball in
the Perpendicular BCD will be known: For it is
proved, that AP:BP::BA:BN; whence BN is
known : But, as the Radius to.the Tangent of BNC
(BAD):fois BN to BC.

Problem 111.

The greateft horizontal Amplitudes of the Piece,
together with the Diftance and Height (or De-
preffion) of the Object being given, to find the
Direction or Angle of Eievation.

Let BC (Fig. 4 and §.) be the perpendicular
Height or Depreflion of the Object, 4B its given
horizontal Diftance, and A4 H the required Direttion;
Alfo let PQ (Fig. 6.) be the greateft Amplitude
(anfwering to 45° of Elevation); draw A4C, in which
produced (if need be) take AG=P &5 make MGO per-
pendicular to 4G, meeting 4B produced (if need be)
in O; and from the Centre O, with the Interval 04,

let
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let a Circle be deferibed, interfe&ting 4G, produced
in E, and the Line of DireGion AD in H; join
E, H, and let HI, AN and QR, be perpendicular
to AF, A0, and P& refpedtively, and let BC, pro-
duced, mcet AH in D.

It will appear, from what has been faid above,
that ADz: PRz :. DC: RQ; thereforc PRz being
=2PG*=2A4G*=1AE* and RQ=PR=14L
(by Conftruction), we have AD*: Lt AE: : DC: s AE,
and therefore AD*=AE x‘DC.

Now, the Triangles 4DC, AEH, being equian-
gular (becaufe A DC=DAN = AEH, and ‘D AC
common to both) we likewile have 4D :DC::
AE : EH, and confequently 4E x DC= ADxEH
=ADz (per above); whence EH=AD. There-
fore, as the Triangles ADB and EHI are equian-
gular, they arc equal in all refpeéts ; and fo HI=4B:
Whence foliows this cafy

Confiruition. .

Having defcribed the Circle ZEF, as above di-
re€ted, and drawn MG perpendicular to AF, take
Gz equal to AB, and thro’ z, paralicl to AE, draw
Hp, cutting the Circle in H and 45 join A4, H,
and 4, b then cither of the Dire@ions 4H or Ab,
will anfwer the Conditions of the Problem. From
this Conftruction we have the foilowing Calculatior,
viZ.

As AB isto BC, fois AG to OG; which added
to, or fubtratted from, Gz (ARB) gives On: Then,
it will be, as 4G: Oz :: the Co-finc of 0 4G : Co-
fine of HUn (= HdAh) the Difference of the two

required
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required Elevations; whence the Elevations thems
felves are known., 2. &, L

Cerol. 1.

Hence, if the Elevation of the Picce, with the Di-
ftance and the Height (or Depreflion) of the Object
be given, the greateft horizontal Amplitude may be
found : For it will be 4B :BC:: Radius: Tang. of
BAC; whence CAD is alfo known.

Then, §.CAD : §.ACD AHE) :: 4D (HE;:
AE.

And, §. A°DC:Radius:: AB: AD.

Therefore, by compounding thefe Proportions,
we have §.CAD x§ ADC: Radius x§. 4CD : .
AB: AE ; which is equal to twice the required
Amplitude, by Conftruction.

Corol. 2.

Morcover, if the Elevation, and the greateft ho-
rizontal Amplitude be given, the Amplirude of the
Projection on any afcending or defcending Piane AE,
whofe Inciinction FAE is alfo given, may from
hence be derived.  For, §S. AHE (ACD): S:EAH
CADj:: AE (z‘P,Q}:EH (AD) and §. ACD :
§.4ADC::4D: AC; Wwhence, by compounding the
two Proportions, Sy, §. ACD : §.CAD % S§.ADC
1:2PL: AC; from which AC is known,

Corol. 3.

Since it appears, that the Triangles ADB and
EH1 are equal and alike in all refpeds, and, there-
fore, the horizontal Diltance 4B, univerfally, equal
to the Perpendicular A, it is manifelt, that, when

Hr
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HTis the greatelt poffible, ZB will alfo be the greateft
poflible; in which Circumftance 4C (ifthe Angle FAE
be given) will likewife be the greateft poffible: And
this, it is evident, muft be, when HJ coincides with
MG, or when the Angles HEA and HAE are
equal (as in Fyzg. 7 and 8); at which time the Point
D coincides with H ; becaufe AD and EH are
always equa! to cach other. Therefore, fince, in
this Cafe, HAE (HEA) is=NAH, it follows,
that the Amplitude, on any inclined Plane A&, will
be the greateft poflible, when the Line of Dirc&ion
AH bifects the Angle made by the Plane and
Zenith.
Corol. 4

Hence the greatet Amplitude on any inclined
Plane may al{o be known; for the right-anzled
Triangles AOG and HOB, having A0 = HO and
the Angle O common, are equal in all refpeéts; and
therefore, as Tang. of AHG (BAH the Angle of
Elevation): Tang. of CHG (CAB the Plane’s In-
clination) : : 4G:GC; whence AC=AGFGC is
alfo known. :
~ Cordl. s.

Hence, alfo, if the greateft Amplitude on an in-
clin’d Plane be given, the greateft horizontal Ampli-
tude may -be determined: For, Radius: §. BAC : :
AC: BC=CG = the Difference of the given, and
the required, Amplitudes.

~ Covol. 6.
But if, inftead of the Plane’s Inclination, the per-

pendicular Height, or Depreflion, of the Obje&t be
given; then, 4C (AG4BC) being to BC, as Radius

tn
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to the Sinc of BAC, and Radius: Cotang. BAC
11 BC: AB 5 tae greatelt Diftance 4B, at which the
Ball can poflibly hit the Obje, will from heace be
given: waich 'D;&ancck (bg_c;_x;afc AC=AGFBC, and
ABZ:—"/ZC«}-CB X A(.‘--EC) will alfo be exprefled
by p aGx A5F2BC Hence the greateft hosizon-

tal Amplitude of a Ball, projetted from a given
Hcight above the Planc of the Horizon is known:
For ST (Fiz.8.) may here be fuppofed to reprefent
the Panc of the Horizon, and 84 the given Height s
and then SC, being equal to 4B, is given from
above_-:_’/ﬂGxAG+zBC.

' Coraol. 7.

But, if the horizontal Diftance AB be given, and
it be required to find the greateft Height the Ball
cun pofliviy reach in the Perpendicular BCD ; we
fhall have HG ' AB:: AG :: Radius : Tang. of the Ele-
vation (BAH or AHG); and Radius: Tang. BAC
‘2 BAH= 95°):: AB: BCs whichtherefore is knowr.
Dut (becaute AC-+BC = AG, and AC 4 CB x
JIC—CB = AB?*) the fame will alfo be truly exhi-
bired by 2 4B

T 240G

Corol. 8.

Laftly, let the Height, or Depreflion, of the Object
be given, together with its Diftance AB, to deter-
mine the Dircétion, and the leatt Impetus pofliblc,
to hit the Object: Then 4B:BC::Radius: Tang.
B 4C ; whence the Elevation BAH is known: And
as Radius: Tanz. AHG (BAH):: MG (AB): 4G
wiience the Impetus is a:fo known. -
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